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ABSTRACT
Currently, of the 106 known protein sequences, only about 104 structures have been
solved. Based on homologies and similarities, proteins are grouped into different families in which
each has a structural prototype, namely, the fold,
and some share the same folds. However, the total
number of folds and families, and furthermore, the
distribution of folds over families in nature, are still
an enigma. Here, we report a study on the distribution of folds over families and the total number of
folds in nature, using a maximum probability principle and the moment method of estimation. A quadratic relation between the numbers of families and
folds is found for the number of families in an
interval from 6000 to 30,000. For example, about
2700 folds for 23,100 families are obtained, among
them about 33 superfolds, including more than 100
families each, and the largest superfold comprises
about 800 families. Our results suggest that although
the majority of folds have only a single family per fold,
a considerably larger number of folds include many
more families each than in the database, and the
distribution of folds over families in nature differs
markedly from the sampled distribution. The long tail
of fold distribution is ﬁrst estimated in this article.
The results ﬁt the data for different versions of the
structural classiﬁcation of proteins (SCOP) excellently, and the goodness-of-ﬁt tests strongly support
the results. In addition, the method of directly “enlarging” the sample to the population may be useful in
inferring distributions of species in different ﬁelds.
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INTRODUCTION
Proteins are clustered together into families based on
their homologies and similarities. To some extent, the
deﬁnition of a protein family is somewhat arbitrary, arising from the use of different percentages of sequence
identity and a variety of sequence- or structure-based
methods.1– 6 A residue identity of more than about 30% for
clustering protein sequence pairs together into families is
widely accepted in the literature.1–2,7–13 In particular,
according to the structural classiﬁcation of proteins (SCOP)
established by Murzin et al.,2 proteins are clustered
©
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together into families based on one of two criteria: (1)
proteins that have residue identities of 30% and greater,
and (2) proteins with lower sequence identities, but whose
functions and structures are very similar (e.g., globins
with sequence identities of 15%). Families are deﬁned as
having a common fold if their proteins have same major
secondary structures in the same arrangement, with the
same topologic connections. How many folds exist in
nature? Furthermore, what is the distribution of the folds
over the families (i.e., the breakdown of folds by number of
families) in nature? These questions are still enigmas1,7–22
in biology; however, they are important for studies of
structure prediction23–25 in structural biology, for proteomics in the postgenome era,25 and also for systematic
biology.26
Chothia19 ﬁrst estimated the total number of families
and proposed a concept that the number of families and
folds in nature is rather limited. Since then, many estimates have been made, with various estimations of the
total number of folds from N ⫽ 400 –10,000 and the
number of the families from M ⫽ 1000 –30,000.7–19 [In this
work, the family number is not estimated and is considered a variable.] By assuming a geometric distribution for
the breakdown of folds by the number of families in nature,
Zhang and DeLisi12 estimated the number of folds as N ⫽
700,9 and later as about 1300. Wolf et al.11 proposed a
logarithmic distribution and argued that the fold number
is about 1000. Govindarajan et al.,10 who employed a
continuous distribution to approximate the number of
families in a fold, estimated the number of folds as 4000.
By using a Poisson approximation, Wang7 estimated the
total number of folds to be about 650. The number of folds
for human proteins is estimated to be ⱕ5200 by Zhang8
from the degenerative degree. Recently, Coulson and
Moult13 indicated the number of folds to be about 4600 for
M ⫽ 23,100, the number of families estimated by Orengo et
al.1 We note that in the study by Orengo et al., protein
sequence pairs with more than 30% residue identity are
clustered together into superfamilies (or 30 SEQ families),
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which is most consistent with the deﬁnition of family used
by SCOP, as Zhang and DeLisi9 pointed out.
However, the previous models do not follow well the
development of data from SCOP (releases 1.50 to 1.59),2
especially for the number of superfolds (a superfold including a large number of families). For example, Zhang and
DeLisi9,12 concluded that 33 folds having more than 6
families each exist in nature, whereas that number is
already 42 in SCOP release 1.55. Coulson and Moult13
assume that the number of the folds having more than 12
families each is 9, whereas that number is already 19 in
SCOP release 1.57, and so on. On the other hand, different
models use different hypotheses for the distribution of
folds over families. These hypotheses are critical to the
estimation of the total number of folds. For example, the
geometric distribution9,12–13 ⌫x ⫽ (1 ⫺ q)x⫺1q, with q ⫽
N/M, which is uniquely deﬁned by the ratio of the total
numbers of folds and families, is used to describe the
probability that a fold is composed of exactly x families.
However, it gives the same distribution as long as the total
number of families, M, and the total number of folds, N,
are the same, respectively, for any two different populations. In fact, the geometric distribution with parameter
N/M in the Zhang and DeLisi model12 may approximately
describe the sampled fold distribution (for folds that
include less than 6 families per fold), but not necessarily
the fold distribution in nature. Another supposed distribution, namely, the logarithmic distribution,11 seems to have
better results than the geometric distribution for ﬁtting
the sampled distribution of folds in the database (except
for the superfolds that are treated separately by the
authors). It is not clear whether it could be used to
approximate the distribution in nature, or whether the
ﬁtting value of the parameter is appropriate to describe
such a distribution. Govindarajan et al.10 employed a
continuous distribution to approximate the distribution of
the number of families in a fold. It seems that this
distribution should be discrete, as pointed out by Wolf et
al.11
Why do these models not follow well the development of
the database, then provide a reasonable estimate for the
total number of folds, N? The main reason is the lack of
whole knowledge of the distribution of folds over families
in nature, and also the estimation methods. What is the
fold distribution in nature? Can a single-parameter distribution, as used in most previous models, also describe
approximately the fold distribution in nature? Recently,
Qian et al.27 observed that the occurrence of a protein
family and fold in genomes follows a power law, which
might imply that the distribution of folds over families in
nature is also approximated by a power law, or a singleparameter distribution, as mentioned above. Because any
single-parameter distribution ultimately depends on one
parameter only, and the distribution in nature and the
sampled distribution should be different when M Ⰷ M0 (M0
represents the total number of families in database), the
speciﬁc parameters and form of the distribution in nature
should differ from those of the sampled distribution in the
database. The parameters and form of the distribution of

folds in nature are unknown, and it is not easy to derive
them by ﬁtting data, because of the complications of the
sampling.
In this work, we report the results of a study on the
distributions of folds over families in nature and estimates
of the total number of folds for different values of the total
number of families, M. We ﬁrst work out these distributions directly from the database (not assuming a special
kind of distribution) using a maximum probability principle and the moment method of estimation.28 From these
results, we can determine the long tail of the distribution,
the number of families in the largest superfold, and the
total number of folds in nature for each value of M, and so
on; for example, we ﬁnd that the number of folds is about
2700 for the total number of families, M ⫽ 23,100.
MODEL AND METHODS
Database
We use the SCOP database for the classiﬁcation of folds
and families, and for the statistics for various releases
(1.35–1.59) (http://www.scop.mrc-lmb.cam.ac.uk/scop). The
data are derived from the parseable ﬁles. For each release,
we obtain the number of folds, superfamilies, families for
different classes, and the distribution of folds over families. We favor this database, because the methods for
recognizing homologs are given with maximum expert
human intervention (for pattern-recognition problems, it
is difﬁcult to ﬁnd computational approaches that can
compare with human judgment).10 The SCOP database
has been used for estimation of the fold number in almost
all the recent articles.7–13
Grouping of Folds in the Database
Because the experimental observations of proteins may
be a random sampling from a pool of proteins in nature,9,11–13 we can assume that the observed families with
total number M0, belonging to N0 folds, are sampled from
the pool with total number M of families belonging to N
folds in nature (Fig.1). Then, the probability, P(n,k), for a
fold in nature having n families, of which k families are
sampled by experiments, is given by a hypergeometric
distribution,
P共n,k兲 ⫽

冉 Mk 冊 冉 Mn⫺⫺Mk 冊 Ⲑ共Mn兲 ,
0

0

for k ⫽ 1, …, n (i.e., the probability distribution of a
random sampling without replacement from a limited
population). Because, obviously, n ⱕ 0.1 M, this probability can be well approximated by a binomial distribution:

冉 冊 p 共1 ⫺ p兲

n
P共n,k兲 ⫽ k

k

n⫺k

,

with p ⫽ M0/M being the probability of selecting any
family (we use this approximation in our method). [A fold
having n families in nature is denoted as Sn, and in the
database as fn.] Because the distribution of known folds
over families is not uniform, and the number of folds fn for
n ⱖ 4 is rather rare, decreasing rapidly as n increases, as
seen in the database, to obtain robust estimates, these
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Fig. 1. Relationship between the folds and families in both nature and
the observed database. In nature, M families are distributed into N folds
(e.g., N1 folds of S1, and N2 folds of S2, and so on). Then, the total number
of folds is N ⫽ N1 ⫹ N2 ⫹ … ⫹ Nn ⫹ … ⫹ Nnmax, and the total number of
families is M ⫽ 1 ⫻ N1 ⫹ 2 ⫻ N2 ⫹ … ⫹ n ⫻ Nn ⫹ … ⫹ nmax ⫻ Nnmax. The
observed data may follow the arrows, and the distribution is not uniform.
There are V1 folds of f1, V2 folds of f2, Vn folds of fn, and so on. For the
database SCOP, release 1.55, there are V1 ⫽ 349, V2 ⫽ 85, …, and V52
⫽1, with f52 the largest fold with 52 families. The total number of folds is
N0 ⫽ V1 ⫹ V2 ⫹ … ⫹ V52. Note that there are some empty terms Vi as a
result of the nonuniformity of the observed data.

folds should be coarse-grained into some groups. For
example, the ith group, deﬁned as gi, includes Oi folds
having between mi and ni (mi ⱕ ni), inclusive, families per
fold [for convenience, the interval (mi, ni) is hereafter
called the family interval of the ith group in this article].
Such a division should make the number of folds with a
different number of families in the same group as close as
possible. Thus, for the observed SCOP data (release 1.55),
we can divide the folds into 9 groups, each with a speciﬁc
interval [mi,ni] and Oi folds for i ⫽ 1, …, 9 (ni ⫹ 1 ⫽ mi⫹1
for i ⫽ 1, …, 8). Figure 2 shows the distribution of M0 ⫽
1494 protein families among N0 ⫽ 566 folds for these data
and their related grouping. For example, group g4 (the fold
numbers, with 4 and 5 families in each fold, being 20 and
21, respectively, are very close) is a remarkable one, with a
family interval [4,5] and the fold number O4 ⫽ 41. This
kind of grouping method is often used in the statistical
literature.29,30 Note that, as in the work by Govindarajan
et al.,10 we omit classes 5 (the multidomain proteins) and 6
(the membrane and cell surface proteins), because they
contain relatively few samples. In fact, in SCOP release
1.55, class 5 contains only 28 folds, and class 6, only 11
folds, and most of these folds include only a single family
per fold.
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Fig. 2. The distribution of observed data and our grouping. Filled
squares represent the distribution of M0 ⫽ 1494 protein families among
N0 ⫽ 566 folds from SCOP release 1.55. The histogram shows the groups
of the folds with family interval [mi,ni] with [1,1], [2,2], [3,3], [4,5], [6,9],
[10,16], [17,24], [25,33] and [34,60], and related numbers of folds Oi ⫽
349, 85, 40, 41, 25, 16, 5, 2, and 3 for i ⫽ 1, …, 9, respectively. The height
of each bar along the ordinate is the sum of the heights of ﬁlled squares
under the bars, which indicates that the total number of folds is the sum of
the numbers of various kinds of folds in this group.

SCOP release 1.55, there is a positive integer t52 ⫽ 804, so
that f52 comes from S804, with maximum probability 5.7 ⫻
10⫺2 for M ⫽ 23,100. Although we use M ⫽ 23,100 as an
illustrative number hereafter in the article, similar results
can be obtained for other values of M. Easily, the probability of f52 from S300 and S1500 is 4.6 ⫻ 10⫺11 and 4.5 ⫻ 10⫺8,
respectively. Thus, we have no reason to consider this
observed fold coming from S300 and S1500 rather than from
S804. More generally, we can say that the largest observed
fold f52 comes from a fold including x families with larger
probability than that from the others, where x belongs to
the interval [620,1000] and the probability is between 0.01
and 0.058. Similarly, the largest observed folds f31, f33, f41,
f44, f47, f55, and f57 in SCOP releases 1.37, 1.41, 1.48, 1.50,
1.53, 1.57, and 1.59 come from folds S886, S799, S811, S814,
S824, S781, and S752, respectively, with maximum probability in nature. These results are amazingly consistent and
suggest that the largest superfold [i.e., the triosephosphate isomerase (TIM) barrel fold] in nature includes
about 800 families, if M ⫽ 23,100.
Grouping of Folds in Nature
We also arrange the folds in nature into 9 groups. Let Xi
be the total number of folds and [ki, li] (i ⫽ 1, …, 9, k1 ⫽ 1,
and li ⫹ 1 ⫽ ki⫹1 for i ⫽ 1, …, 8) be the family interval for
group Gi in nature. Then, we can work out ki and li through
the endpoints mi and ni of the interval [mi, ni] of the
related group in the observed database, using the maximum probability principle (see the following).

Maximum Probability Principle

The Moment Method of Estimation

Obviously, the observed fold, fk, comes from the fold Sn
in nature (here, k ⱕ n), with a probability P(n,k) (Fig. 1).
Because P(n,k) is a unimodal function of n, a speciﬁc fold
Stk exists, having a maximal probability for fk; that is, fk
comes from Stk, with a probability larger than that of other
folds. For example, for the largest observed fold f52 in

The idea of the moment method of estimation is that the
expected sampling number of folds, Ej, for the jth group,
from nature should be equal to that of the observed folds,
Oj. In nature, for group Gj, there are lj ⫺ kj ⫹ 1 kinds of
folds (i.e., the folds having kj to lj families per fold). We
consider that the numbers of these various kinds of folds
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are basically equal or uniformly distributed in the group
Gj, and each kind of folds appears with an equal probability p ⫽ 1/(lj ⫺ kj ⫹ 1). Thus, the number of folds for each
kind is Xj/(lj ⫺ kj ⫹ 1). As mentioned before, the probability
of sampling v (here, v僆 mi, …, ni) families (to form a fold in
the database) from u families in a fold in nature (here, u僆
kj, …, lj ) is P(u,v). Thus, the expected number of folds with
v families from Xj/(lj ⫺ kj ⫹ 1) folds having u families each
in Gj is [Xj/(lj ⫺kj ⫹ 1)]P(u,v). Clearly, such a sampled fold
with v families may come from any fold having u families
[v ⱕ u; if v ⱖ u, set P(u,v) ⫽ 0] of Gj. Therefore, the
expected sampling number of folds having v families per
fold from the total Xj folds of Gj is ulj ⫽ kj P(u,v)[Xj/(lj ⫺ kj ⫹
1)]; furthermore, the total expected sampling number of
folds for gi with the family interval [mi,ni] sampled from Xj
folds of Gj is nv i⫽ mj 关 ulj ⫽ kj 共lj ⫺ kj ⫹ 1兲 ⫺ 1 P共u,v兲 Xj兴 ⫽ 关共lj
⫺ kj ⫹ 1兲 ⫺ 1 ulj ⫽ kj nv i⫽ mj P共u,v兲兴 Xj ⫽ Cij Xj for i, j ⫽ 1, …,
9. Because the sampling of gi could come from any of the
Gj, with j ⫽ 1, …, 9, we have the expected sampling
number of folds of gi, namely, Ei ⫽ 9j ⫽ 1 Cij Xj. Following
the moment method of estimation,28 then we have

冘

冘 冘
冘 冘

冘

冘
9

C ij X j ⫽ O i ,

with i ⫽ 1, . . . ,9.

(1)

j⫽1

Solving these linear equations gives the estimated fold
distributions, then the total number of folds,

冘
9

N⫽

X i.

i⫽1

Consequently, based on the estimated distribution, we
obtain the estimated number of families,

冘
9

M⬘ ⫽

共k i ⫹ l i 兲 X i /2,

i⫽1

which should consistently be equal to the supposed value
of M.
The Most Likely Fold Distribution
For any given ki and li, i ⫽ 1, …, 9, we can easily obtain
Xi (i ⫽ 1, …, 9) by solving linear Eq. (1). However, kiand li,
i ⫽ 1, …, 9, are also unknown. We should determine the
values of Xi, ki, and li (i ⫽ 1, …, 9) at the same time.
Because all the data indicate that the number of folds
decreases as the number of families per fold increases, and
that most folds have a single family each, the most likely
estimate for the distribution of folds should satisfy the
condition that the number of folds having a single family
each (i.e., X1, if l1 ⫽ 1) is a lot larger than that of the other
kinds of folds, and Xi decreases as i increases, although the
length of the family interval [ki,li] increases with an
increase in i. With this in mind, in the next section, we
determine the fold groups.

Fig. 3. Determination of the family intervals for the last 5 groups in
nature based on the maximum probability principle. Arrows show the
mapping of the family interval [mi,ni] of the ith group gi in the observed
database to the family interval [ki,li] of the ith group Gi in nature.

Determining Fold Groups in Nature
The last 5 groups in nature can be determined from the
related groups in the database by the maximum probability principle. From Figure 2, we know that fn for n ⱖ 5 is
rare, indicating that Sn for n ⱖ 5 in nature is also
relatively rare. Thus, the observed folds in the last 5
groups may mainly come from the folds of their related
groups in nature, implied by the maximum probability
principle. A simple method for determining these fold
groups is to choose ki ⫽ ta (which is like t52), where a ⫽ mi
or ni⫺1 (ni⫺1 ⫹ 1 ⫽ mi), for i ⫽ 5, …, 9 (then li ⫽ ki⫹1 ⫺ 1 for
i ⫽ 5, …, 8), and l9 ⫽ tb, where b ⫽ n9. But, in this case, we
may obtain estimates Xi, i ⫽ 5, …, 9, which are not close to
integers (especially for X8 and X9, because these folds
contain many families and too many rounding-off errors
may reduce the accuracy of the estimates). In this research, we use the following more elaborate method. From
the maximum probability principle, the family interval for
Gi with i ⱖ 5 in nature should, at least, contain the interval
[tu,tv], where u ⫽ mi ⫹ 1 and v ⫽ ni ⫺ 1, and at the same
time should, at most, contain the interval [tq,tr], where q ⫽
ni⫺1 ⫺ 1 and r ⫽ mi⫹1 ⫹ 1 (otherwise, the neighboring
groups will not follow the maximum probability principle).
Therefore, we obtain the family interval [ki,li] for Gi with ki
⫽ tq, …, tu, and li ⫽ tv, …, tr, for i ⫽ 5, …, 9 (see Fig. 3).
Here, both kiand li belong to a set.
Once the last 5 fold groups have settled down, we could
divide the interval [1, k5 ⫺ 1] (k5 ⫺ 1 ⫽ l4) into 4 arbitrary
intervals, in principle, to determine the ﬁrst 4 fold groups
in nature. This should give a consistent estimation for the
number of folds in these groups; that is, the longer the
interval [ki,li] (i ⫽ 1, …, 4), the larger the number of
related folds). However, to get the most likely estimates
mentioned above, it is necessary to search through all the
values of kiand li. We have a simple method to set ranges
for ki and li, i ⫽ 1, …, 4: Set ki ⫽ ki⫺1 ⫹ 1, …, ki⫹1 ⫺ 1 for
i ⫽ 2, 3, 4 (obviously, k1 ⫽ 1, li ⫽ ki⫹1 ⫺ 1 for i ⫽ 1, …, 4).
Now, we search through the above-determined ranges of
ki and li to obtain the most likely estimate for the
distribution of folds under the following conditions:
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TABLE I. Several examples of Groupings of Folds in Nature and Estimated Number of Folds and Distributions
Based on the Supposed Number of Families M
M
6000
9000
12,000
15,000
18,000
21,000
23,100
30,000

N

X1 [k1,l1]

X2 [k2,l2]

X3 [k3,l3]

X4 [k4,l4]

X5 [k5,l5]

X6 [k6,l6]

X7 [k7,l7]

X8 [k8,l8]

X9[k9,l9]

1266
1569
1861
2092
2360
2559
2714
3081

714 [1,1]
874 [1,1]
1115 [1,1]
1263 [1,1]
1515 [1,1]
1659 [1,1]
1794 [1,1]
2051 [1,1]

348 [2,4]
470 [2,5]
537 [2,7]
608 [2,8]
635 [2,10]
683 [2,11]
703 [2,12]
799 [2,14]

81 [5,10]
92 [6,14]
85 [8,21]
91 [9,25]
87 [11,33]
91 [12,37]
88 [13,40]
95 [15,49]

80 [11,19]
90 [15,28]
82 [22,37]
88 [26,46]
80 [34,54]
84 [38,63]
87 [41,69]
93 [50,89]

18 [20,40]
18 [29,61]
18 [38,83]
18 [47,104]
18 [55,123]
18 [64,144]
18 [70,159]
18 [90,203]

17 [41,64]
17 [62,96]
17 [84,129]
17 [105,162]
17 [124,192]
17 [145,225]
17 [160,249]
17 [204,317]

3 [65,98]
3 [97,150]
2 [130,203]
2 [163,259]
3 [193,309]
2 [226,357]
2 [250,396]
3 [318,510]

2 [99,135]
2 [151,202]
2 [204,271]
2 [260,341]
2 [310,407]
2 [358,478]
2 [397,525]
2 [511,680]

3 [136,240]
3 [203,360]
3 [272,480]
3 [342,602]
3 [408,722]
3 [479,843]
3 [526,925]
3 [681,1205]

Here, [ki;li] represents the family interval of group Gj, Xi is the estimated fold number for group Gi, and N is the estimated total fold numbers in
nature.

1. There is an order in Xj in which X1 ⱖ X2 … ⱖ X8 [it is not
necessary that X8 ⱖ X9, because few folds are observed
in the last two groups, and O8 ⫽ 2, O9 ⫽ 3 (O9 ⬎ O8)].
2. Without loss of generality, we choose the solutions of Xj
for j ⱖ 8 to be close to an integer, such that we take
1.85 ⱕ X8 ⱕ 2.15 and 2.85 ⱕ X9 ⱕ 3.15 (as O8 ⫽ 2 and
O9 ⫽ 3).
3. By choosing as large as possible value of X1, we obtain
the most likely estimate for the distribution of folds,
and, simultaneously, the related values of ki and li are
settled.
RESULTS AND DISCUSSION
Total Number of Folds and Their Distribution in
Nature
For each value of M, we work out the related grouping of
folds in nature, namely, the family intervals [ki,li] of group
Gi, and the values of Xi for i ⫽ 1, …, 9, then we obtain the
total number of folds N in nature (Table I). Thus, we have
directly estimated the distribution of folds over the families and the total number of folds (as a function of the total
number of families in nature). For example, we have N ⫽
2714, Xi ⫽ 1794, 703, 88, 87, 18, 17, 2, 2, 3, and [ki,li] ⫽
[1,1], [2,12], [13,40], [41,69], [70,159], [160,249], [250,396],
[397,525], [526,925], respectively, for Gi for i ⫽ 1, …, 9 for
M ⫽ 23,100 (at the same time the estimated value of
families M’ ⫽ 23,114. Consistently, the supposed value M
and the estimated value M’ are quite in agreement with
each other. This consistency also exists for the other values
of M). Among the 2714 folds there are about 33 superfolds,
each including more than 100 families, and the largest
superfold composed of about 800 families is obtained from
the maximum probability principle. By ﬁtting the numbers for N and M in Table I, a quadratic function,
N ⫽ ⫺1.217 ⫻ 10 ⫺6M2 ⫹ 0.120M ⫹ 592.186
for M僆[6000, 30,000] can be obtained (Fig. 4).
Most recent articles1,7–13 imply that the most likely
number of families in nature may belong to the interval
[6000, 30,000]. Also, based on analysis of the “pfam A”
family collection,3 Coulson and Moult13 suggested that the
higher limit of 50,000 families could be reached. In the
case in which M ⫽ 50,000, using our methods, we obtain
the total number of folds, N ⫽ 4478, Xi ⫽ 3408, 850, 89, 88,

Fig. 4. The estimated number of folds, N, versus the number of
families M. Here, N ⫽ 1266, 1569, 1861, 2092, 2360, 2559, 2714, and
3081 for M ⫽ 6000, 9000, 12,000, 15,000, 18,000, 21,000, 23,100, and
30,000 are used. The solid curve is a ﬁtting with N ⫽ ⫺1.217 ⫻ 10⫺6 M2 ⫹
0.120 M ⫹ 592.186 for M僆 [6000, 30,000].

18, 17, 3, 2, 3, and [ki,li] ⫽ [1,1], [2,24], [25,88], [89,144],
[145,339], [340,530], [531,849], [850,1139], [1140,2010],
respectively, for Gi with i ⫽ 1, …, 9. Likewise, for M ⫽
100,000, the estimated number of folds is about 8000, Xi ⫽
6609, 910, 94, 86, 18, 18, 2, 2, 3, and [ki,li] ⫽ [1,1], [2,47],
[48,180], [181,290], [291,685], [686,1081], [1082,1695],
[1696,2279], [2280,4020], respectively. Note that the results for other values of M in interval [30,000, 100,000] are
not shown here, and the relationship of N and M in this
interval is approximately linear.
Robustness of Results Against Changes in
Grouping
The estimate of the fold distribution is not sensitive to
the change in groupings of the last several fold groups, so
long as these formed groups are based on the maximum
probability principle. For example, for M ⫽ 23,100, assume
that the family intervals of the last 3 fold groups are
[250,404], [405,538], and [539,950] instead of [250,396],
[397,525], and [526,925] (the corresponding family intervals of the other fold groups are the same; see Table I).
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TABLE II. Results for Various Versions of the SCOP Database
Version
of SCOP

M0

N0
Ns

O1
E1
[m1,n1]

O2
E2
[m2,n2]

O3
E3
[m3,n3]

O4
E4
[m4,n4]

O5
E5
[m5,n5]

O6
E6
[m6,n6]

O7
E7
[m7,n7]

O8
E8
[m8,n8]

O9
E9
[m9,n9]

1.37

808

375
381.93

242
252.97
[1,1]

57
58.32
[2,2]

27
25.56
[3,3]

16
13.33
[4,4]

14
13.07
[5,6]

10
9.32
[7,9]

5
5.08
[10,14]

2
2.35
[15,21]

2
1.93
[22,32]

1.41

961

426
428.29

277
277.50
[1,1]

65
65.38
[2,2]

29
29.76
[3,3]

17
16.13
[4,4]

20
19.79
[5,7]

11
10.62
[8,11]

5
4.95
[12,18]

2
2.62
[19,29]

2
1.54
[30,46]

1.48

1167

489
484.92

306
307.26
[1,1]

71
73.63
[2,2]

37
34.53
[3,3]

38
31.73
[4,5]

17
16.24
[6,8]

11
10.61
[9,12]

5
5.98
[13,19]

2
3.00
[20,32]

2
1.93
[33,50]

1.50

1248

515
505.96

321
318.16
[1,1]

75
76.59
[2,2]

39
36.11
[3,3]

42
34.20
[4,5]

15
17.29
[6,8]

13
11.12
[9,12]

5
7.03
[13,19]

3
3.43
[20,34]

2
2.03
[35,55]

1.53

1317

528
523.36

325
327.15
[1,1]

81
79.04
[2,2]

39
37.34
[3,3]

40
36.24
[4,5]

18
18.30
[6,8]

13
11.43
[9,12]

7
7.96
[13,19]

2
2.87
[20,30]

3
3.04
[31,60]

1.57

1626

605
595.66

367
364.52
[1,1]

102
89.46
[2,2]

39
41.77
[3,3]

41
44.17
[4,5]

28
27.99
[6,9]

17
16.45
[10,16]

6
6.16
[17,24]

2
1.94
[25,33]

3
3.19
[34,60]

1.59

1750

640
622.99

392
378.37
[1,1]

103
93.53
[2,2]

43
43.24
[3,3]

43
46.63
[4,5]

27
31.16
[6,9]

18
16.82
[10,16]

9
7.53
[17,24]

2
2.23
[25,34]

3
3.49
[35,65]

The observed total numbers of folds No and their distributions Oi, and the theoretical sampling total numbers of folds Ns and their distributions Ei
are shown for each version of SCOP, with M ⫽ 23,100. Here, Oi (or Ei) represents the observed number of folds (or the expected number of folds) in
group gi, whose family interval is [mi,ni].

Then, we have X7 ⫽ 2.2, X8 ⫽ 2.2, and X9 ⫽ 2.9, instead of
X7 ⫽ 2.1, X8 ⫽ 2.1, and X9 ⫽ 3.0 (the other corresponding
components of these two estimated fold distributions are
the same). This gives us the same results for the estimate
on both the total number of folds and the distribution.
Though a different classiﬁcation of the ﬁrst several
groups may give somewhat different estimated numbers of
folds for these groups, the estimated distribution of folds is
similar, and the estimate for the total number of folds is
about the same; that is, the estimated distribution of folds
and the estimate for the total number of folds are also
robust against change in groupings of the ﬁrst several fold
groups. For example, in the case of M ⫽ 23,100, let the
family intervals for the ﬁrst four groups be respectively
[1,1], [2,7], [8,13], and [14,69] instead of [1,1], [2,12],
[13,40], and [41,69] (the remaining corresponding family
intervals are the same; see Table I). Then we have X ⫽
(1728, 452, 291, 169, 18, 17, 2, 2, 3) instead of X ⫽ (1794,
703, 88, 87, 18, 17, 2, 2, 3). However, the estimated
numbers of folds for both groupings are approximately
equal (2682 and 2714, with a relative error within 2%). We
can determine that the number of folds of the fourth group
for the ﬁrst estimated distribution is approximately equal
to the sum of the number of folds of the third and fourth
groups for the second estimated distribution, and the
number of folds of the second group for the second esti-

mated distribution is approximately equal to the sum of
the number of folds of the second and third groups for the
ﬁrst estimated distribution. It follows that these two
estimated distributions are consistent.
Consistency With Other Versions of SCOP
We used SCOP release 1.55 for our estimations. To
check whether our results are consistent with the observations of previous or following versions of SCOP, consider
the sample of M0 families (e.g., M0 ⫽ 808 for SCOP release
1.37) drawn from the universe of M families distributed
among folds in accordance with our estimated distribution.
We compare the theoretical sampling numbers of folds NS
with the observed numbers N0 (here, M ⫽ 23,100 for all
comparisons). Our results are in good agreement with the
observations, and the relative errors are found to be only
within 3% (Table II). It is also noted that we have similar
results on the comparison with different values of M.
Next, we further show how well the theoretical sampling
distributions of folds compared with the observed ones. To
illustrate a problem of hypothesis testing, here, our null
hypothesis concerns whether the theoretical sampling
distributions ﬁt the observations well. If our null hypothesis is true (i.e., our results ﬁt the observations), the
Pearson 2 statistic, deﬁned as
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i⫽1

共O i ⫺ E i 兲 2
,
Ei

should satisfy the so-called 2 distribution. Here, the
degree of freedom is 9 ⫺ 1 ⫽ 8, because the expected
frequencies Ei (i.e., the theoretical sampling number of
folds) are calculated without using any estimate of unknown parameters.31 For any of the 7 SCOP releases
(Table II) in which we obtain a value c of the variable C,
then the goodness of ﬁt is given by the probability g ⫽
P(C ⱖ c). Generally, the comparison between the observed
and the expected distribution is considered good if the
goodness g ⬎ 0.3. For these 7 releases of SCOP data, we
have the values of g ⫽ 0.99, 0,97, 0.98, 0.91, 0.99, 0.97, and
0.95, respectively, providing strong evidence that our
estimated distributions ﬁt the observed data very well.
Several Remarks
Our estimates in this article relate to aspects of the
database and the deﬁnition of folds in the families. It is
assumed in our model (also in previous models9,11–13) that
the structural database is random samples drawn from the
universal populations of protein families. However, the
process of selecting protein families for structural determination may not be ideally random. It may be that certain
folds are more likely to be solved by crystallography or
NMR spectroscopy, or are found easily in the organisms
under study, then over-represented. For example, the
superfolds are among the most extensively studied taxa in
the protein world, and many distantly related families
have already been identiﬁed with various sequencematching techniques.2– 6,27 Then the superfolds, such as
TIM-barrel, P-loop, and so on, may be over-represented in
the database; that is, each contains more families than
those found by a random sampling. Thus, the estimated
number of families included in each of these folds may be a
little larger with use of this database. However, we would
argue that the effect of the over-representation of the
observed superfolds in the database is small and basically
does not affect our estimates, because the increase in the
number of families included in each superfold is basically
smooth, with the increase in the family count (from the old
to the new version of SCOP). Furthermore, as mentioned
above, our estimates based on SCOP release 1.55 are
consistent with the observations of previous or following
releases of the database, and especially, the largest folds in
different SCOP releases suggest an amazingly consistent
largest superfold in nature (i.e., the TIM barrel fold), based
on the same principle.
In contrast, some folds may be inaccessible to the
sampling process. It is well known that some protein
families are very difﬁcult to crystallize, and their structures will be under-represented in the current structure
database. For example, because the crystallization of
membrane proteins have presented many technical difﬁculties in the past, and the classiﬁcation of transmembrane
proteins in SCOP might be oversimpliﬁed (but, according
to Murzin,will be improved in the future; personal commu-
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nication), the samples in class 6 (the membrane and cell
surface proteins) are few and have been omitted in our
study. Therefore, the estimates based on the current
structural database may reﬂect solely the results for
nontransmembrane protein folds,7–13 or more generally,
results for the “accessible” folds. However, as Zhang and
DeLisi9 pointed out, though the number of natural transmembrane folds is unknown, it is expected to be small
compared with the nontransmembrane folds, because of
the severe sequence constraints imposed by the hydrophobic nature of the membrane.
In another example, class 5 (the multidomain proteins)
of SCOP also contains few sample folds, whereas there
may be many multidomain proteins in SWISS-PROT. This
may not present a serious bias for SCOP. In fact, because
the unit of classiﬁcation is usually the protein domain in
the SCOP database, there are many multidomain proteins
in the whole SCOP database,only a small part of which are
classiﬁed as class 5. Classes 1 to 4 contain multidomain
proteins composed only of domains of the respective classes.
Class 5 contains proteins composed of domains of different
classes (e.g., ␣ and ␣/␤). A multidomain protein will be
split into domains and classiﬁed accordingly in SCOP, if
there is a good evidence of independent evolutionary
origins of the domains. Such evidence might mean the
presence of domains of similar sequence or structure in
proteins of different domain organization (Murzin, personal communication). There are plenty of multidomain
proteins in the Protein Data Bank (PDB). Some are split
into domains in SCOP, whereas others remain where they
are presently. If there is a bias in the PDB, it is historical
in origin. Earlier structures were of smaller proteins or
protein domains, because of the limitations of methods for
structure determination at the time.
In principle, our estimates of the total folds may be
affected by the ﬂuctuation in Vi, namely, the number of
folds including exactly i families per fold in the database, due to the randomness of sampling, errors in the
methods, and so on, but we expect these to be small,
because the data are sufﬁcient in a statistical sense (also
see above discussion). In a word, the SCOP database
reﬂects well the “accessible” inter-relationship of the
folds and the families.
In addition, the deﬁnitions of folds and families can
affect the results of this research. For example, CATH,4
another widely used database, has more folds for the set of
PDB entries considered than does SCOP.6 Based on CATH
classiﬁcation, the estimated number of folds of each group
considered in this article may be a little larger than that
based on SCOP. However, the physical implications of the
model are similar. In this article, we use the SCOP
classiﬁcation directly, and it has been systematically used
to estimate the total number of folds.7–13 As Wolf et al.11
have pointed out, the SCOP classiﬁcation is generally
compatible with the other, fully automatic classiﬁcations,
such as CATH, and provides a reasonably robust partitioning of the protein universe.
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Comparison with Previous Model and Results
In this article, we have estimated directly the distribution of folds over families in nature by using the observed
database most sufﬁciently. Our results are consistent and
depend on the total number of families in nature. However, under the geometric distribution with parameter
N/M in the Zhang and DeLisi12 model, the estimated
number of folds is insensitive to the total number of
families, M, and the results are not consistent. From their
results, the 1250 folds having less than 7 families per fold
contain at most M ⫽ 1250 ⫻ 3.5 ⫽ 4375 families, and the
33 folds having more than 6 families per fold contain 423
families. Thus, the total number of families is at most
4789, which may not be in accord with the assumption that
M ⬎⬎ M0. In fact, the geometric distribution ⌫x ⫽ (1 ⫺
q)x⫺1 q, with q ⫽ N/M, does not necessarily describe the
probability that a fold is composed of exactly x families.
Regard M families (belonging to N folds) in nature as
sequentially numbered sites along a straight line, with the
families belonging to an individual fold represented by
consecutive sites (see Fig. 1 in Zhang and DeLisi9). Thus,
each fold is related to a boundary site and a separate
section (there are N folds in nature; therefore, N boundary
sites and N sections). Then, the probability ⌫x is accurately
the probability of a random sampling of x sites, with
replacement in which the ﬁrst x ⫺ 1 sites are not boundary
sites and the last is a boundary site. In this sampling, the
ﬁrst x ⫺ 1 sites that are not boundary sites may come from
different sections (a section means an individual fold), and
the last that is a boundary site may come from any section.
However, when a fold is composed of exactly x families, the
x sites come from the same section, and this section has
only x sites. In the example illustrated in Figure 1 in
Zhang and DeLisi,9 the 3rd, 11th, 14th, 19th, and (M ⫺
3)th families are selected (suppose that no other families
are selected). ⌫5 does describe the probability of this
sampling; however, it does not necessarily describe the
probability that a fold is composed of exactly 5 families,
because, obviously, these 5 families belong to 4 different
folds (folds 1–3 and fold N).
In a recent article,13 Coulson and Moult divided the
universe of folds into 3 zones, that is, the zones of unifolds,
mesofolds, and superfolds. This classiﬁcation may be better than that in previous models. However, ﬁrst of all, the
division of folds is still rough, and the boundary between
the zone of mesofolds and the zone of superfolds should
depend on the total family number M. If the total number
of families in nature is less than 6000, the deﬁnition of
mesofolds could be suitable (a mesofold includes 2–12,
inclusive, families). If M is more than 23,100, the zone of
mesofolds should include more kinds of folds; say, for
example, that a mesofold has 2– 40, inclusive, families
(according to our estimation). Second, the geometric distribution according to Zhang and DeLisi model12 was used to
estimate the number of the mesofolds, which results in the
inconsistency of their results. For example, 452 mesofolds
contain 14,923 families (Table I in Coulson and Moult13).
Then, a mesofold includes an average number of 33
(14923/452) families for M ⫽ 23,100, which contradicts the

deﬁnition that a mesofolds has 2–12, inclusive, families.
Third, the distribution of the superfolds has not been
estimated reasonably. The authors assumed that the
number of the superfolds (having more than 12 families
each) is only 9, whereas it is already 19 in SCOP release
1.57. Also, based on this assumption, the 9 superfolds
contain 4042 families for M ⫽ 23,100 (Coulson and Moult’s
Table I13). Thus, a superfold includes an average number
of about 450 families. This number is far larger than the
family number in a mesofold; therefore, the zone of mesofolds is far from the zone of superfolds, which is unlikely to
occur (no further information about the superfolds). Finally, the estimation of the total number of unifolds relates
to the estimated numbers of mesofolds and superfolds in
the study by Coulson and Moult.13 Because the estimated
number of mesofolds is insensitive to the total number of
families M under the geometric distribution, and the
estimated number of superfolds is smaller than that in
nature, the estimated number of unifolds is considerably
larger when M is large. For example, the estimated
number of unifolds is 4135 for M ⫽ 23,100 (Coulson and
Moult’s Table I13). Apart from the above points we have
raised, the concept for classifying the folds into three zones
may be reliable. Alternatively, in our study, the estimated
number of families from the predicted distribution of folds
over families is consistent with the supposed number of
families showing a good self-consistency, and our results
are also consistent with the observations of all previous or
following versions of SCOP. Our results indicate that the
number of folds having more than 12 families each is about
200 for M ⫽ 23,100, and we work out a deﬁnite long tail of
fold distribution that shows a smooth fall-off. In addition,
the number of superfolds is only about 1800.
CONCLUSIONS AND IMPLICATIONS
The main results of this article are as follows:
1. The distribution of folds over families in nature, in
particular, the long tail of the distribution, and the
number of the families in the largest superfold in
nature, and so on, are ﬁrst estimated in this article. Our
results indicate that although the majority of folds have
only a single family per fold, there are a considerably
larger number of folds including many families each
than in the database. Also, the number of families
contained in each of these folds, which depends on the
total number of families in nature, is far larger than the
number of observations in the database. Therefore, the
distribution of folds over families in nature differs
markedly from the sampled distribution. The results
have been checked by goodness-of-ﬁt tests.
2. We found a quadratic relation between the number of
families and folds. From this relation we can estimate
the number of folds for any possible number of families
belonging to a given interval.
3. We introduce a very useful method that makes a direct
“enlargement” of the sample to the population.
We have employed the maximum probability principle
by which a fold in nature can be found, such that a certain
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observed fold in the database derives from it (e.g., according to this principle, all versions of observed data indicate
an amazingly consistent largest fold in nature). This
principle enables our model to match the real cases.
Therefore, our results may provide the ﬁrst insight into
the whole distribution of folds over families quantitatively,
and will be very useful for studies on the structure
prediction of proteins, proteomics, and systematic biology.
Our method has general signiﬁcance for inferring distribution of species in different ﬁelds, such as zoology, botany,
and so on.
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