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Using Monte Carlo simulations, we have studied the folding dynamics and thermodynamics of geometrically
constrained lattice protein model chains. The constraints are realized by xing one or both terminals of the chains.
By comparing the results with that of the free-end chains, we nd that the folding behaviours of the end-constrained
chains are not completely similar to that of the free-end chains. Both kinds of constraints on the chain ends a ect the
folding dynamics of the chains: i.e., the folding rate, but not the thermodynamics. The thermodynamic behaviour of
the one-end- xed chains shows less di erence from that of the free-end chains, while the thermodynamic behaviour of
the two-end- xed chains has obvious di erence from that of the free-end chains. The origin of these di erences comes
from the di erences of the ergodicity of the chains in the conformational space.
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1. Introduction

The study of protein folding, i.e. nding the
three-dimensional native structure of a protein from
its primary amino acid sequence, is still a very interesting and unsolved problem. The necessity for
studying this problem lies on the dependence of the
protein's function on its native structure.[1 4] Protein chains can fold rapidly to their own native conformations under appropriate biological conditions.
Many experimental methods and theoretical models
have been developed to study and simulate the folding behaviours of various proteins during the past
few decades. Experimentally, it is still impossible
to observe the time course of the folding. The allatom simulation, which takes into account many complex details of proteins, is also unrealistic due to the
speed of computers at the present time. For example, it is diÆcult to perform a folding simulation
even for a small part of protein with only 36 amino
acids.[5] Hence many simpli ed models have been proposed. These simple models usually neglect some lessimportant factors but reserve the essential aspects of
proteins. Thus these models mimic roughly many natures of real proteins and provide some qualitative
 Project supported

description or even some quantitative characteristics
of proteins.[1 21] The most commonly used 3  3  3
lattice protein model considers the protein as a heteropolymer chain of 27 residues arranged in a simple
cubic lattice. Although this model is simple, it may
correspond to a helical protein with 60 residues.[8;9]
Many researchers have used this lattice protein model
to study proteins and protein folding, and have obtained many meaningful results.[6;10 19]
Previously, the lattice protein chains are free of
geometrical constraints. Here in this paper, we study
the in uence of geometrical constraints on the folding
behaviour and compare this behaviour with that of the
unconstrained chains. The geometrical constraints under our consideration are of the one-end- xed and the
two-end- xed constraints. Both kinds of constraints
have relevant biological interest. It has been presumed
that under biological conditions, the nascent polypeptide chain folds during its synthesis.[20] Thus, in the
folding process, one end of the nascent polypeptide
chain could be always considered as sticking on the
ribosome. Due to the huge mass of the ribosome compared with the nascent polypeptide chain, the nascent
polypeptide chain has a relatively slow velocity of motion and can be approximately modelled as a one-end-
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xed chain. It is worth noting that the dimension of
ribosome could be much bigger than the polypeptide
chain studied. Anyway, in a rough approximation,
especially in the current lattice model in which only
the nearest-neighbour interaction is taken into consideration, the e ect of the dimension of the ribosome
could be neglected. In addition, for a two-domain
protein system, the folding of each domain can also
be modelled by a one-end- xed protein chain since it
is argued that all the domains fold separately.[20;21]
Furthermore, in a multi-domain protein system, the
two terminals of the domain in the middle part are
bounded to other two neighbouring domains. Then
the domain in the middle part has a two-end- xed constraint. Thus, the model chain which has constrained
end or ends is close to the real situations in the biological environments. From the viewpoint of physics, the
constraints on the end (or the ends) of a protein chain
greatly reduce its conformational space. Due to the
constraints, some conformations may be unreachable
and the chain could not follow some folding pathways,
thus the folding behaviour of the constrained chains
may be di erent from that of the chains without the
constraints. To the best of our knowledge, this has
not been studied theoretically. Hence it is important
to know whether the modi cation by taking into consideration the constraints a ects the folding behaviour
or not. If the constraints on the protein chains bring
some di erence to the folding behaviour from that of
the free-end chains, we may need to reconsider the
modelling of protein chains with small sizes. Nevertheless, if not, we can use the models of single domain
to interpret the folding behaviour of large protein correspondingly. These are the main purposes of this
work. The paper is arranged as follows. In Section
2, we brie y introduce the model and methods. In
Section 3, we present the results and the discussions.
Then we give a summary in the last section.
2.Model and methods

The model for a protein chain in this paper is a
three-dimensional simple cubic lattice model which is
the same as that used in Refs.[6,10]. The protein-like
heteropolymer is modelled as a chain of 27 monomers
which are divided into two types, i.e. A and B . The
arrangement of the monomers along the chain is the
same as that with sequence 002 in Refs.[6,10]. The
native conformation of this model chain is shown in
Fig.1. The numbers in the gure are the indices for the
monomers. The potential energy of the chain system

1575

is the sum of the contact interactions between every
nearest-neighbour pairs of monomers except the covalently linked pairs. The interaction energy between
monomers of the same type is El = 3, whereas that
between monomers of di erent types is Eu = 1. Here
the reduced units are used, i.e. the interaction energy
is a multiple of unit energy ". In addition, we choose
kB = 1, then the simulation temperature is also in reduced units of "=kB . The Metropolis Monte Carlo
algorithm (MC) is adopted to simulate the folding
processes. The move sets in the MC simulations are
the end moves, the corner moves and the crankshaft
moves.[6;10] We perform MC simulations at various
temperatures in di erent end-constrained situations:
1) free-end, 2) one-end- xed and 3) two-end- xed. In
all the three cases, the simulation steps (MC steps)
are 109 or 1011 for each run, and the total number of
runs for each case is up to 500. In the simulations for
the one-end- xed chain, one terminal of the chain is
bounded to a xed point, while for the two-end- xed
chain, two terminals of the chain are set at the diagonal positions of a 3  3 two-dimensional simple lattice
(see Fig.1).

Fig.1. The native conformation of the lattice protein
model chain studied. Each lattice site is denoted by a
monomer index.

To calculate the thermodynamic quantities at various temperatures, the histogram method is used. The
histogram method has been developed by many researchers [10;22 26] and is able to extract more information from one single simulation run. In this method,
during a simulation at temperature T , the probability for every speci c energy is recorded in a histogram
h(E; T ). Meanwhile, h(E; T ) equals to the thermal
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average of the density of states,
h(E; T ) =

n(E )e E=T
;
Z (T )

(1)

X

where n(E ) is the density of states for energy E , and
Z (T ) =
n(E )e E=T . Hence the histogram method
E

is also known as a method of density of states. Then
at any given temperature T 0 , the thermal average of
a certain quantity A, which is a function of E , can be
calculated by

PA(E)n(E)e
hA(E )i = X
n(E )e

E=T

E

E=T 0

0

;

(2)

E

where h  i indicates the thermal average, n(E ) is
resolved from Eq.(1) as n(E ) = h(E; T )eE=T Z (T ).
Then the speci c heat at any temperature T is given
by cv (T ) = (hE (T )2 i hE (T )i2 )=T 2 . Also, the free
energy F as a function of native contact number Q is
de ned as F (Q) = E (Q) T S (Q), where Q describes
how much the chain system is similar to the native
state, S (Q) is the entropy and n(Q) is the con gurational density. All the details of these quantities could
be found in the corresponding references.[10;11;27]
We de ne a `transition region' which is a continuous range of native contact number Q, where the
free energy shows a peak. For the model used in
this work, the values of Q in the `transition region'
range from 16 to 22. The reason why we choose this
speci c range can be found in Ref.[11]. We also use
the symbol Pnat (T ) which is the probability that the
chain system is in the native state at temperature T ,
Pnat (T ) = exp( Enat =T )=Z , where Enat is the energy
of the native state and Z is the partition function at
temperature T . At the folding temperature Tf , we
have Pnat (Tf ) = 0:5.[6;10] Hence the folding temperature can be obtained from the graph of Pnat (T ) as a
function of T .
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terminate the simulation and take 109 MC steps as
the folding time for this simulation. That is, 109 MC
steps is set to be the maximal folding time.[6] All the
MFPTs are averaged over 500 independent runs with
di erent initial conformations of the chain. When
temperature T > 3:1, all the MFPTs are very long
and most of them exceed the value of 109 MC steps.
Thus, all the chains do not fold at the high temperatures. When the temperature decreases from T = 3:1
to T = 1:5, all the MFPTs drop quickly and considerably to the order of 107 or even lower. Further
decreasing the temperature to T = 1:0, all the MFPTs rise quickly again. The general tendency in the
MFPTs shows a `V'-shape feature as the temperature
changes, indicating that at both low and high temperatures, all the chains cannot fold due to the trap or the
thermal unfolding, respectively. The slopes of MFPTs
at low temperatures are larger than those at high temperatures. Thus all the chains are easy to be trapped
at low temperatures. It is interesting to note that
for the three cases with and without the constraints,
the temperatures within the range of 1:3 < T < 1:75
are most favourable for folding, i.e. the MFPTs are
smaller at these temperatures than at others for the
same chain. Meanwhile, the MFPTs for the one-endxed case are always longer than those for the free-end
and the two-end- xed cases. However, the MFPTs for
the free-end case are longer than that for the two-endxed case when T > 2:0, and are shorter than that for
the two-end- xed case when T < 2:0. These variances
in the accessibility to the native state re ect the differences in dynamics and the stabilities of the chains
under di erent constraints.

3. Results and discussion
3.1. Dynamic analysis

In Fig.2 are shown the mean rst passage times
(MFPTs), i.e. the folding times, at various temperatures under di erent end-constrained conditions. The
MFPTs are the averaged folding times (MC steps)
needed to reach the native state from the initial extended states for the model protein chain. If the chain
cannot nd its native state within 109 MC steps, we

The MFPTs versus temperature for the sequence
002 under di erent constraints: i.e., the free-end, the oneend- xed and the two-end- xed cases. The vertical axis is
in log base while the horizontal is linear.
Fig.2.
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It is well-known that the folding behaviours of
protein chains are controlled by both the energy and
the entropy of the chain systems. At low temperatures, the e ect of energy dominates and traps the
system in local minima easily, while at high temperatures, the e ect of entropy takes over the role and
leads the system to disordered phase. Thus, only in
the medium temperature range, both the energy and
the entropy balance each other. The systems can overcome the local minima and reach the native states
within a short time.[6] In the case of one-end- xed
chains, the possible conformational space is reduced,
making many pathways on the folding funnel unreachable. The chain may not nd the fast folding pathways
and the MFPTs in this case are long. However, the
case of two-end- xed chains is di erent although the
conformational space is also reduced greatly. Since
the two terminals are xed at their native positions,
the chains only experience a small number of conformations starting from their initial conformations. The
chains fold faster than those with one-end- xed do. It
is noted that above temperature T = 2:0, the folding
of the two-end- xed chains is even faster than that of
the free-end chains, while below T = 2:0 the folding
is slower than that of the free-end chains. This is because at high temperatures the trapping e ect on the
chains in the local minima becomes weak.
In Fig.3, we show several time evolutions of the
number of native contacts Q(t) for three cases near
the folding transition. The value of Q(t) indicates the
similarity of the conformation of the chain at time t

to the native conformation. From Fig.3(a) to (c),
the simulation temperatures for the three cases are
T = 1:28, 1.30 and 1.50, respectively, which are almost the same as their folding temperatures. It is
clear that at the beginning stage, the values of Q are
small, then there are some switches between Q ' 7,
i.e. the unfolded state, and Q ' 28, i.e. the native
conformation. This indicates that there is a high folding cooperativity for the folding transition.
To show the in uence of native contacts on the
conformation, we present the statistics of native contacts in the `transition region' in Fig.4 for the three
cases. The horizontal axis is the index for the native
contacts: e.g., index 1 refers to the 1st native contact which represents the contact between the 1st and
the 14th monomers in the native conformation, and
so on. The maximal value of the index is 28, which
is the 28th native contact for a 3  3  3 simple cubic lattice. The vertical axis is the frequency of each
native contact while the conformation is in the `transition region'. During each simulation running up to
109 MC steps, so long as the number of native contacts Q is in the `transition region', i.e. with a value in
the range of 16  Q  22, the index of the related native contact is recorded for calculating the frequency.
The nal results for the frequencies are averaged over
500 independent simulations. The frequencies re ect
the importance and the stability of the native contacts
during the folding, especially in the transition state.
From Fig.4, we can see that in general the frequencies
for the 1st, the 2nd and the 6th native contacts are
smaller than other contacts.

The occurrence frequency for each native contact in the `transition region'. The simulation temperature is T = 1:6. The abscissa is the index of native
contact which ranges from 1 to 28. Note that the
blank, the grey and the slashed bars are for the freeend, the one-end- xed and the two-end- xed chains,
respectively.
Fig.4.

Fig.3. The time evolutions of Q for the three kinds
of chains. From Fig.3(a) to 3c) the gures are for
the free-end, the one-end- xed and the two-end- xed
chains, and the simulation temperatures are T = 1:28,
1.30 and 1.50, respectively.
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Hence, the monomers forming these contacts are `active' in the folding process, whereas there are a lot of
`conservative' monomers such as those of the 3rd, the
5th and many other contacts of which frequencies are
always higher than 0.8.
We can also see that the frequencies of the native
contacts for the one-end- xed chains are quite similar to those for the free-end chains. This means that
the folding mechanisms of these two kinds of chains
may be the same. However, the frequencies of the native contacts for the two-end- xed chains show large
di erences from those for both the free-end and the
one-end- xed chains. For example, the frequencies of
the 7th and the 9th contacts are much larger, and at
the same time the frequencies of the last several native contacts with index larger than 20, except the

25th contact, are obviously small. This is due to the
situation that the 7th and the 9th native contacts are
formed between the 3rd and the 26th, the 4th and
the 27th monomers, respectively. Because the 1st and
the 27th monomers are xed at the diagonal positions
of the 3  3 two-dimensional plane of the cubic lattice, the 3rd and the 4th monomers can only take
the crankshaft move sets after reaching equilibrium.
These moves are obstructed by the very stable native
contacts between the 2nd and the 13th monomers.
Thus, the 7th and the 9th native contacts are very
stable. In contrast, the low frequencies for the last
several native contacts are due to the fact that they
are spatially far away from the two constrained ends
so that they cannot be formed easily.

The plots of free energy F (Q) against the reaction coordinate Q at various temperatures for
(a) the free-end chain, (b) the one-end- xed chain, (c) the two-end- xed chain. (d) A comparison
for the above three cases at T = 1:6.

Fig.5.
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3.2. Thermodynamic analysis

In this section we discuss the thermodynamic
properties of the three kinds of chains. The histogram method is used to calculate the free energy
F (Q) and the speci c heat cv . Preliminary simulations show that the critical transition temperatures of
the three model systems are around 1.3{1.5, hence,
the histogram samplings are taken at T = 1:4. In
order to search the conformational space ergodically,
the simulation steps in this section are set to 1011
MC steps. During such long time simulations the histograms for both E and Q are recorded for further
analysis.[10;11;27]
We show the free energies as functions of the
reaction coordinate Q at di erent temperatures for
the three kinds of chains in Fig.5(a){(c), respectively.
There are similar tendencies in all the curves. From
Fig.5(a){(c) we can see that for each kind of chain,
when the temperature is low, the more the native contacts, the lower the free energy. Hence, the globally
stable conformation is the native state. There are
many local minima in the free energy curves, which
can trap the chains, and there is a transition region
where the free-energy shows a high barrier around
16 < Q < 26. With raising temperature, the global
minima of the free energies move to the left side where
the values of Q are around Q ' 6. That is, at high
temperatures, conformations with less native contacts
are preferred, and the chains no longer fold into their
native conformations. Figure 5(d) shows a comparison among the three kinds of chains at T = 1:6.
Clearly, the free energy curve for the two-end- xed
chains is rougher than those for the free-end and the
one-end- xed chains, and the values of the free energy
are always larger than those for the other two kinds of
chains. The local minima of the two-end- xed chains
are much deeper. Whereas, the free energy curves for
the free-end and the one-end- xed chains are quite
close to each other. Hence, the thermodynamic behaviours of both the free-end and the one-end- xed
chains are similar, but are di erent from that of the
two-end- xed chains.
In Fig.6, the probabilities of the native state
Pnat (T ) for the three kinds of chains are plotted
against temperature T . At low temperatures, all the
values of Pnat (T ) equal to 1, and as the temperature increases, these values decrease steeply from 1 to
0. The curves for the free-end and the one-end- xed
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chains are almost coincident. The curve for the twoend- xed chains shifts to the high temperature side.
By applying Pnat (Tf ) = 0:5, we obtain that the folding
temperatures for these three kinds of chains are about
Tf = 1:26, 1:28 and 1:48, respectively. The two-endxed chain has a higher value of Tf than others. It
is noteworthy that the folding transition for the three
kinds of chains is very cooperative.

The probability of being in the native state
versus temperature T for the three kinds of
chains. The data for this gure are obtained by extrapolation from the simulations at T = 1:4 using the
histogram method.
Fig.6.

Pnat

In Fig.7 we show the speci c heats for the three
kinds of chains. In each case there appears a single
peak in cv versus the temperature T . The curves of
cv for the free-end and the one-end- xed chains show
basically no di erence, but they are obviously di erent from the curve for the two-end- xed chains. The
temperatures of the speci c heat peaks de ne the collapse temperatures T . The values of T for the three
kinds of chains are 1:33, 1:35 and 1:51, respectively.
The highest value of T is for the two-end- xed chains.
We nd that the values of  = (T Tf )=T [28] for
the three kinds of chains are 0:05, 0:05 and 0:02, respectively, which are basically the same within the
error-bar. Hence, all the three kinds of chains under
di erent constraints are good folders.[28] The physical origin for the similarities between the free-end
chains and the one-end- xed chains is that the conformational space of the one-end- xed chains is almost
the same as that of the free-end chains. Nevertheless,
the conformational space of the two-end- xed chains
is greatly reduced. Consequently, the two-end- xed
case is di erent from the other two cases.
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The speci c heat versus temperature for the
three kinds of chains. The data for this gure are
obtained by extrapolation from the simulations at
T = 1:4 using the histogram method.
Fig.7.

4. Conclusion

We have studied the dynamics and thermodynamics of the geometrically constrained protein model
chains by using a simple cubic lattice model. The
geometrical constraints are realized by xing one or
both of the two terminals of a chain. We nd that
both of these two kinds of constraints a ect the dynamic behaviours, i.e. the folding rate. The move
sets chosen may in uence the simulation results. To
check the e ectiveness of the currently used move sets,
we introduce into these move sets a new move set of
rigid rotation [29] to test the in uence on dynamics of
the move sets. The simulations give similar results.
Hence, the dynamic results are reliable. Anyhow, it is
interesting in the future to investigate thoroughly the
in uence on the dynamics of other move sets. In ther-
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modynamics, the one-end- xed chains show less di erence from the free-end chains, but the two-end- xed
chains are obviously di erent from the free-end chains.
The possible searching for the conformational space
plays an important role in distinguishing the di erences. It is found that using the one-end- xed chains
can search a partial conformational space as using the
free-end chains can do, but some fast folding pathways cannot be reached. Hence, their dynamic behaviours may behave di erently, but their thermodynamic behaviours are less di erent. The two-end- xed
chains have a greatly reduced conformational space,
thus both the dynamics and thermodynamics are different from those of the free-end chains. As a result,
for a two-domain protein system we could consider
that each domain folds separately by using the previous model of single domain; yet for a multi-domain
protein system, to understand the folding behaviour
more clearly we should probably make a more detailed
study.
The lattice model chains used in this paper have
27 monomers, which re ects some secondary structures of one single domain of proteins. The potentials used in this work have only two types. For
more detailed description of the interactions among
monomers, the potentials can be replaced by many
other kinds of choices, such as those in Refs.[30{32]
and so on. The chain length can also be prolonged
to mimic more realistic proteins. We expect that the
longer chains may have more complicated behaviours.
Due to the complexity in the biological environment,
the constraints used here can also be developed to
many other kinds to study the in uence of environments on the folding of chains.[33;34]
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